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Abstract 

In this paper, we study a class of Finsler metrics called general (a, /3)-metrics, which are defined by a 
Riemannian metric a and a 1-form /3. We find an equation which is necessary and sufficient condition for 
such Finsler metric to be a Douglas metric. By solving this equation, we obtain all of general (a, /3)-metrics 
with vanishing Douglas curvature under certain condition. Many new non-trivial examples are explicitly 
constructed. 


1 Introduction 

In Finsler geometry, one of important projective invariants is Douglas curvature, which was introduced by J. 
Douglas [3]. If two Finsler metrics F and F are projectively equivalent, then they have the same Douglas 
curvature. The Douglas curvature always vanishes for Riemannian metrics. Finsler metrics with vanishing 
Douglas curvature are called Douglas metrics. Douglas metrics form a rich class of Finsler metrics including 
locally projectively flat Finsler metrics. 

Randers metrics are an important class of Finsler metrics, which are introduced by a physicist G. Randers in 
1941. A Randers metric is of the form F = a -I- /3, where a is a Riemannian metric and /3 is a 1-form. However, 
it can also be expressed in the following navigation form 

V(l-b^)a2+/32 p 

1-62 1 - 62 ■ 

It is well-known that a Randers metric is a Douglas metric if and only if /3 is closed for both of the above 
expressions [T] . As a generalization of Randers metrics, (a, /3)-metrics are also defined by a a Riemannian 
metric and a 1-form and given in the form 

F = a<t>{^), 
a 

where </> is a smooth function and satisfies two additional conditions. In 2009, B. Li, Y. Shen and Z. Shen 
gave a characterization of Douglas (a,/3)-metrics with dimension n > 3 [5]. Recently, C. Yu gave a more clear 
characterization. If F = is a non-trivial Douglas metric, then after some special deformations, a will 

turn to be another Riemannian metric a and ft to he another 1-form j3 such that j3 is close and conformal with 
respect to a, i.e., hi\j = c(x)aij, where c{x) ^ 0 is a scalar function on the manifold. In this case, F can he 
reexpressed as the form F = |14] . 

In fact, many famous Douglas metrics can be also expressed in the following form 

F = a<f(b^,^), ( 1 . 1 ) 

where a is a Riemannian metric, /3 is a 1-form, 6 := ||/3a;||c( and f>{b‘^,s) is a smooth function. Finsler metrics 
in this form are called general (a,,5)-metrics [15]. li (f = (j){s) is independent of 6^, then F = a(j){^) is a 

^Keywords: Finsler metric, general (a,/3)-metric, Douglas metric. 

Mathematics Subject Classification: 53B40, 53C60. 

*supported in a doctoral scientific research foundation of Henan Normal University (No.5101019170130) 


1 






(a,/3)-metric. If a = \y\, P = {x,y), then F = \y\(j){\x\‘^, is the so-called spherically symmetric Finsler 
metrics [8]. Moreover, general (a,/3)-metrics include part of Bryant’s metrics O [15] and part of fourth root 
metrics |5|. Besides Randers metrics, square metrics can be expressed in the following form 

^ (^( 1 - 62)^2 +^ 2+^)2 

(1 - &2)2^(1_52)„2+^2’ 

It has been shown that is a non-trivial Douglas square metrics if and only if 


^i\j : 


where c = c{x) 0 is a scalar function on M [14]. 

In this paper, we mainly study general (a,/3)-metrics with vanishing Douglas curvature. Firstly, a charac¬ 
terization equation for such metrics to be Douglas metrics under a suitable condition is given iTheorem 11.11) . 
By solving this equation, we obtain all general (a, /?)-metrics with vanishing Douglas curvature under certain 
condition(Theorem ll.2l) . At last, we explicitly construct some new examples (see Section 6). 

Here, we will assume that /3 is closed and conformal with respect to a, i.e. (O holds. According to the 
relate discussions for Douglas (a,/3)-metrics [31 0 jT] IS] [E] , we believe that the assumption here is reasonable 
and appropriate. 

The main results are given below. 


Theorem 1.1. Let F = ^ 

M. Suppose that /3 satisfies 


be a non-Riemannian general {a, P)-metric on an n-dimensional manifold 

^i\j — OOij j ( 1 -^) 


where c = c(x) 0 is a sealar function on M and is the covariant derivation of with respect to a. Then 
F is a Douglas metric if and only if the following PDF holds 


022 - 2(01 - S012) = {/(6^) + 5(6^)s^}{ 0 - S02 -f (6^ - 5^)022} (1-3) 


where f{x) and g{x) are two arbitrary differentiable functions. 


Note that 0i means the derivation of 0 with respect to the first variable 6^. 

It should be pointed out that if the scalar function c{x) = 0, then according to Proposition 13.11 D'^jki = 0, 
namely, F = ^ is a Douglas metric for any function 0(5^, s). So it will be regarded as a trivial case. 

By solving equation (11.31) . we have the following result 

Theorem 1.2. Let F = a0^6^, ^ be a non-Riemannian general P)-metric on an n-dimensional manifold 
M. Suppose that fi satisfies EK. Then the general solution of El is given by 


where 


(j) = s 



s^Vb'^ - J 


r]{b^,s) 


— s^ 

— (52 _ g 2 '<j J gelif+a>>^)db^ ’ 


(1.4) 


(1.5) 


where f, g and h are arbitrary smooth functions of b^. $ is an arbitrary smooth function ofij. Moreover, the 
corresponding general {a, fi)-metrics of O) are of Douglas type. 


Remark: If the general (a, /3)-metrics F = a 
should satisfy Lemma lOI 



given by (11.411 are regular Finsler metrics, then (11.41) 
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2 Preliminaries 


Let be a Finsler metric on an n-dimensional manifold M and G* be the geodesic coefficients of which are 
defined by 


= \9^ {[FX.y^y^ -[FX^) , 

where (gb) ;= [^[F'^jyiyj'j For a Riemannian metric, the spray coefficients are determined by its Christoffel 
symbols as G*(a;,y) = 

By definition, a general (a,/3)-metric is given by (II.IL where 4){b‘^,s) is a positive smooth function defined 
on the domain |s| < 5 < bo for some positive number (maybe infinity) bo- Then the function F = a(f>{b^, s) is a 
Finsler metric for any Riemannian metric a = aij(x)y'^y^ and any 1-form (3 = bi(x)y'^ if and only if (j){b^,s) 
satisfies 


' - S(p2 > 0 , (j)- s^2 + - X4>22 > 0 , 


( 2 . 1 ) 


when n > 3 or 


’ — S(j)2 + X ~ S^)^22 > 0, 


( 2 . 2 ) 


when n = 2 m- 

Let a = aij{x)y^y^ and /3 = bi{x)y^. Denote the coefficients of the covariant derivative of /3 with respect 
to a by bi\j, and let 

r^j = + 6j|i), s,j = i(&,|j - &j|i), roo = njy^y^, s*o = a^^SjkV^, 

n = Vrji, Si = Vsji, xq = riy\ sq = Siy\ F = s* = F^Sj, r = bWi, 

where (a*-^) := (a^)”^ and F := F^bj. It is easy to see that (3 is closed if and only if Sij = 0. 

According to m, the spray coefficients G® of a general (a, /3)-metric F = a(j)(b'^, ^ are related to the spray 
coefficients “G® of a and given by 


where 


G® — _j_ Q;Qg*g -|- |0(—2aQso + roo + 2a^Rr) -|- Q;f2(ro -I- so)} — 

a 

+ {d'(—2a(5so -I- roo + 2a^Rr) + an(ro + so)} F — R{F + s®), 

4>i 


Q = 


R = 


S(p2 


(j) - Scj)2’ 


0 = 


(cj) — s 4>2)4>2 — S(j)4>22 


^ = 


4>22 


n = 


2l^X - s 4>2 + QF - s‘^)(j) 22 ) ’ 2.[(j) - S(j )2 + ( 6 ^ - s'^)(j) 22 ) 

{4> — s 4>2)4>12 — S(j)i4>22 


{(j) - Scj)2){4' - S(j)2 + QF - S'^)(j)22) ’ 

In the following, we will introduce an important projective invariant. 

Definition 2.1. [TT] Let 




n* _ 

Fi- dy^dy^dy^ 


G. - 

n + 1 dy^ 


(2.3) 


(2.4) 


where G® are the spray coefficients of F. The tensor D := 0 dx^ 0 dx’^ 0 dx’^ is called Douglas tensor. A 

Finsler metric is called a Douglas metric if the Douglas tensor vanishes. 


We require the following result in Section 6, the proof which is omitted. 
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Lemma 2 . 2 . Let 


/„:= J s-\b^-s^)^ds, 

then for any natural number n > 1, we have 
(a) n = 2m 

m—1 


_ ( 2 m — 1 )!! 1 ( 2 m — 2 — 2i)\\ ti,2 2\ 

“ ( 2 m- 2 )!! s ^ ( 2 m- 2 i + l)!!^^ ' ^ 

f2?TZ. !)■• 1 /t 2\^ — lr/7 2 2\i ^ 1 

--^-(^ ) [( 6 ^-s ^)2 +sarctan^===] +( 71 . 


( 2 m — 2 )!! s 


Vb^-s^' 


(b) n = 2 m + 1 


i2m+l — 


( 2 m)!! 1 


( 2 m — 1 )!! s 
where Ci and C2 are arbitrary constants. 




^ ( 2 m- 2 i + 2 )!! 

,Z=1 


( 2 . 5 ) 


( 2 . 6 ) 


+ ^ 2 , ( 2 . 7 ) 


3 Douglas curvature of general (a, ;5)-metrics 

In this section, we will compute the Douglas curvature of a general (a, /3)-metric. 

Proposition 3 . 1 . Let F = a(f)(^b^, be a general [a, l 3 )-metric on an n-dimensional manifold M. Suppose 
that /3 satisfies d, then the Douglas curvature of F is given by 

1 


D^jM = 


a 


[(T - sT2)aki + T22bibk] S\ 




a 


-( 3 T 22 + sT222)yiyj - (722 + sT222)biyj bky'' \ {k^l ^ j ^ k) 


|s722 [{ykbi + yibk)S"j + Ujibuy'"] F^{T - 3 X 2 - s^T22){yi5'’j + a;jy*)?/fc| {k ^ I ^ j ^ k) 


—3 ( 3 T — 3 sT 2 — 63^X22 — S^X222)ykyjyi + X222blbkbj 
{H2 - sH22){bj - —yj)aki - \{H2 - SH22 - F[222)biyjyk - ^^^-^bkhyj 




b\k^l 


a la' 


—^(3772 — 3sH 22 — 3^ H222)yjykyi + H222blbkbj 


b\ 


where yi := aijy^ and 6 * := a^^bj, c = c{x) ^ 0 is a scalar function on M. 

1 


T : = - 
H : = 


-[ 2 sH + [b^ - s^)H2f 


n+1 
022 — 2(01 — S012) 


2[0 - S02 + (6^ - 3^)022] 

Proof. By (II. 2|) . we have 

Too = ca^, To = c/3, r = cb^, F = cF, s*o = 0, Sq = 0, s* = 0. 
Substituting (13.41) into (12.31) yields 

Qi ^ 2RF) + sD} f + ca^ {4'(1 + 2RF) + sU-R} F 

= “(7* + caEy^ + ca^Hbf 


j ^ k) 
( 3 . 1 ) 

( 3 . 2 ) 

( 3 . 3 ) 

( 3 . 4 ) 

( 3 . 5 ) 
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where 


^ _ 02 + 25(^1 _ ^ 50 + {}r - 5^)02 


20 


Note that 


where Ui := a^jy^. 


abi - syi 


0!.y^ , Syt 2 


dcm Qocqtu 


-\- c(y.\{Ti -\- 1 )E + ‘IsH H“ — s )H‘ 2 \j 


dym Qyn 

where we take Einstein summation convention. By f|3.5p and f|3.7p . we have 

-= “G*- + ca{Tf + am). 


n + 1 5y" 


n + 1 dy^‘ 


Put 


VP* := aTy^ + a^Hb\ 


Differentiating (13.91) with respect to y^ yields 
5VP* 


dy^ 


— aT5^j + (Tayj + aT 2 Syi)y^ + {H + a^H 2 Syj }b^■ 


(3.6) 


(3.7) 


(3.8) 


(3.9) 


(3.10) 


Differentiating (13.101) with respect to yields 

QyjQyk = [{Tayk aT2Syk)S^j -\-T2Sykayjy^ H2[a\jSykE]{k ^ j) 

(T 0!.yj yk CXT22SykSyj (y.T2Syjyk^y^ 

+ { [Cx‘^]yjykH + CX^ H22SykSyj H" CX^ H2 S y j y k ^ 

where k j denotes symmetrization. Therefore, it follows from f|3.1ip that 

Q JQ ^ = |^T2(G;yfcSyi + CXylSyk T CXSykyl^ T TCXykyl + CXT22SylSyk^ jik —y I —y j —y k) 

+ 1 ^X 2 (Syfc CXyjyl T CXyk Syjyl ) T ^22 {CXyk Syj T CXSykyj )Syi j -)■ I ^ J ^ /C) 

-\-{H2{jCx‘^]ykyl Syj [Cx‘^]ykSyjyl'^ E H22 y^^ ^ yl S y j TOi^SyfcyiSy 

-\-(TCXyjykyl T Ql ^22 2y J S y fc S y i T Q! ^2 S y j y fc y i ^ 7/^ 

-\-{H[cx'^]yjykyl ^ Ql ^ 22 2 ^ y ^ y ^ ^ y ^ cx‘^ H2Syjykyl^E , 

where k ^ I ^ j ^ k denotes cyclic permutation. It follows from (j3.6p that 

[Q! ]yi ]y*yj , [q: jy^yjyfc 0, 


(3.11) 


k) 


Jy'' L'^ \y''y^ ['-*■ ly^y^y^ 

1 77/ TV ' 1 3 

ayiyj = -{aij -^), aylyiyk = - -[ukiyjik ^ j ^ k) - i^yiyjVk], 


a 


a a ' 




a'^ 

1 15s 

®y'y"y'= = “ otby)aik + ‘ibkyiyj\{k m j ^ k) - ykyiVj}- 


(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 
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Plugging (I 3 . 13 p . ( 13 . 141 ) . ( 13 . 151 ) and ( 13 . 161 ) into ( 13 . 121 ) yields 




dyidy^dy^ a 


1 r s 


[{T — sT2)aki + T22bibk\S^j H- - [—(3r22 + sT222)yi ~ (T 22 + sT222)bi\yjbi~y^ > (fc —^ ^ j —>■ fc) 


^sT 22 [{ykbi + yibk) 6 ’-j + Ujibky''] + ^(T - 3X2 - s^T 22 ){yi 5 ] + aj; 2 /*) 2 /fe| {k ^ I ^ j ^ k) 


—3 ( 3 T — 3 sT 2 — 63^X22 — S^X222)ykyjyi + X222blbkbj 
{H2 - sH22)[bj - —yj)aki - \{H2- 3H22 - H222)biyjyk - ^^^^b^hy^ 


a 


:{‘iH2 — 3si722 — S^X[222)yjykyi + X[222blbkbj 


It follows from “G®(a:, y) = that 

33 


1 f)OL/-ira 


dy^dy^dy^ l ” n + 1 i 9 y' 
By ( 12 . 4 L ( 13 . 81 ) . ( 13 . 9 p . ( 13 . 171 ) and ( 13 . 181 ) . we obtain ( 13 . 11 ) . 


b\k -^l^j^k) 
( 3 . 17 ) 

( 3 . 18 ) 

□ 


4 Proof of Theorem 11.11 


In this section, we mainly prove Theorem ll.il Firstly, we give the following Lemma. 

Lemma 4 . 1 . Suppose that /3 satisfies O: then a general {a, P)-metric F = a(j}(^b^, ^ is a Douglas metric 
if and only if H2 — SH22 = 0 , where X[ is given by 


Proof. Suppose that a general (a, / 3 )-metric F is a Douglas metric, then the Douglas curvature of F vanishes, 
i.e, D'^jki = 0 . From ( 11 . 21 ) and ( 13 .IL it follows that both rational and irrational parts of D^jki = 0 should vanish, 
i.e, 


[{X — sX2)aki + X22bibk]6’'j + (772 ~ sF[22)(^kibjF + —H222bibkbjF}{k I ^ j ^ k) 

-a^ [{X22 + sX222)bibkyjy'' + (T - 3X2 - s'^X22){yi6’'j + ajiy’‘)yk + {H2 - SH22 - s^H222)biyjykb''] {k ^ I ^ j ^ k) 
+{3X - 2 , 3 X 2 - 6 s^T22 - s^T’222)yfcyjy/F = 0, (4.1) 

Ct^{^X222bibkhjy'^ - sX22[{ykbi + yibk)S"j + ajibky"] - s[{H2 - sH22)akiyj + H222bkbiyj]F}{k I ^ j ^ k) 

+5(3722 + sX222)yiyjbky^ {k —>■ 1 —>■ j —>■ fc) + s(3i72 — 3sH 22 — s^H 222)11 jUkUib^ = 0, (4.2) 

where FI and X are given by (l?31) and (E3, respectively. For s 7 ^ 0, multiplying (14.21) by y^y^y’’ yields 

7^2222/* - aH222b^ = 0. (4.3) 


By ( 14 . 3 L it is easy to see that 


X222 = 0 , H222 = 0 . 


( 4 . 4 ) 


Inserting (j 4 . 4 p into ( 14 . 2 p yields 

o?'s{X22[{ykbi + yibk) 5 ''j + Ojibky''] + (772 - sH22)akiyjb''}{k I ^ j ^ k) 

-?>sX22yiyjbky\k I ^ j ^ k) - 3 s (772 - sH22)yjykyib'' = 0 . ( 4 . 5 ) 

Multiplying ( 14 . 51 ) by Vb^U yields 

- 2,s^)X22f + as[2h^X22 + {b^ - s^){H2 - sH22)W = 0 - ( 4 - 6 ) 
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It follows from (|4.6D that 


T 22 = 0, H 2 - SH 22 = 0. (4.7) 

Plugging (14.41) and (14.71) into (ED, we have 

(T - sT2){a^[a^aki5'‘j - + ajiy^)yk]{k -)■/-)> j -)> fc) + Sykyjyiy"} = 0 (4.8) 

Multiplying (14.81) by Vb^U yields 

(T - sT 2 ){h^ - s^){ah^ - sf) = 0. (4.9) 

By (14.9L we have 

T-sT2 = 0. (4.10) 

By (13.2L we obtain 

T-sT2 = - \-{b^ - s^){H2 - SH 22 ). (4.11) 

n + 1 

By (14.111) . it is easy to see that the second equality of (14.71) implies (j4.10l) . 

Conversely, suppose that the second equality of (14.71) holds, it follows from (14.111) that (14.101) holds. Moreover, 


T 22 = 0, T 222 = 0, H 222 = 0. (4-12) 

Plugging the second equality of (14.7p . (I4.10p and (|4.12l) into (13.11) . we have D'-jki = 0. Hence, general (a,/?)- 
metric F = a4>(b‘^, ^ j is a Douglas metric. □ 


Proof of Theorem \l.li By Lemma 14.11 we obtain 

H = l[f{b^)+9{b^)s% (4.13) 

where / and g are two arbitrary smooth functions of b^. By (13.31) and (|4.13p . we will complete the proof of 
Theorem O □ 


By taking / = 0 and 5 = 0, we obtain the following result m 

Corollary 4 . 2 . Let F = a(j){b^, ^ be a Finsler metric. Suppose that /3 satisfies mw- Then F is projectively 
equivalent to a if and only iff>{b‘^,s) satisfies 

022 — 2(01 — S012) = 0. 


5 General (ct, /3)-metrics with vanishing Douglas curvature 

Proof of Theorem \1.S[ Note that (0 — s 02)2 = —S(j> 22 - Therefore, (11.31) is changed to the following form 


2(0 - S02)l + -[1 - if + gs ){b - s )](0 - S02)2 + {f + gs )(0 - S02) = 0. 


(5.1) 


Put 


Then 


■0 := (0 — s 02 )\/ 5 ^ — s ^. 


■01 = (0 - S02)i\/6^ - s2 + 
02 = (0 - S02)2\/&^ - - 


2V62 - s 2 


(0- S02), 


:(0- S02). 


(5.2) 
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•052 _ g2 


(5.3) 

(5.4) 
























It follows from (|5.3D and (|5.4D that is equivalent to 


V'l + ^ [l - (/ + 9s'^){b^ - s^)] 'ip2 = 0. 

The characteristic equation of PDE (15.51) is 


dip' ds 

U^-U + gs^W-s^)] 


(5.5) 


(5.6) 


(15.61) is equivalent to 


2s^ = !-(/ + gs^W - s^)- 


(5.7) 


Set 


X{P) = s\P) - P. 


(5.8) 


Plugging (15.81) into (15.71) yields 


^ = {f + gb^)x + gx^- 

This is a Bernoulli equation which can be rewritten as 

= -(/ + 5 fc^)- -g- 

db^^X X 

This is a linear 1-order ODE of ^. One can easily get its solution 

i = [c-h J 

where c is an arbitrary constant. By (j5.8l) and (j5.9E the independent integral of (j5.6|) is 


(5.9) 


el{f+gb^)d.b'^ — (52 _ g2^ J g^f(f+gb^)db^^l^2 g’ 


Hence the solution of (15.51) is 

■0 = $ 


gfif+ab^)db^ _ (-^2 _ J gef(f+9b^)db^(fl)2 J ’ 
where d) is any continuously differentiable function. By (15.21) and (15.101) . we have 


’ — S(j>2 = d* 




Let (j) = Sip, then we have 


efif+gb^)db'^ - (52 _ s2) J gel(f+ 9 b'^)db'^db'^ J y/b'^ - s2 ' 


i — S(j)2 = —S^ip2- 


(5.10) 


(5.11) 


(5.12) 


By (15.111) and (I5.12|) . we obtain 


ip = h{b^) - j 


$( 77 ( 62 ^ 

sV62 - s2 


ds. 


(5.13) 


where h{x) is an arbitrary smooth function and , s) is given by (11.51) . Hence, by 0 = sip, we get (II.4[) . □ 


In the following, we will give necessary and sufficient conditions for a general (a, /3)-metric with vanishing 
Douglas curvature to be a Einsler metric. 
















Lemma 5 . 1 . Let F = be a general {a, P)-metric on an n-dimensional manifold M, where (f> is given 

by Then F is a Finsler metric if and only if 


when n > 3 or 






> 0 , - 




-$2 > 0. 


\/b'^ — 


s 


$2 > 0 . 


(5.14) 


(5.15) 


when n = 2. 


Proof. Note that —s(f >22 = (<(> — S(/)) 2 . By (12.11) . (12.21) and (15.lip , we will get (I5.14p and (15.151) . □ 


6 Some new examples 

In this section, we will explicitly construct some new examples . 

Example 6 . 1 . Take g = 0 and ^{r]{b^,s)) = {b^ — s^)^e~, then for any natural number m > 1, parts of 
the solutions of dn are given by 

(a) m = 21 


i-i 


s) = h^s - |V ^ (b^y-\b^ - s^Y 

' ’ ’ {2l-2)\r^^{2l-2i + l)\F^ > > 


— {b^y ^ [(6^ — s^) 2 + s arctan 


V62 - s2 


]}. 


(b) TO = 2/ + 1 


4>ib ,s) = h 2 {h )s 




(20!! 

(2Z- 1)!! 


,i=l ^ ' 


-{b^y 


where hi, h 2 and / are any smooth functions of b^ such that (f> is positive. Moreover, the corresponding general 
(a, /3)-metrics 

F = af>(b^,^) 

are of Douglas type. 


Note that we have made use of Lemma [2.21 

Example 6 . 2 . Take 5 = 0 ,/= and $(77(6^, s)) = then parts of the solutions of ( 11 . 41 ) are 

given by 


<f{b^, s) = h{b^)s 


i/ e + efb'^ + yt?s'^ 

1 + /62 


( 6 . 1 ) 


where h is a smooth function of 6^ and /i, e, ^ are constants such that (j) is positive. Moreover, the corresponding 
general (a, /3)-metrics 

F = af>(b^,^) 

are of Douglas type. 
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Remark: Especially, take h{}p') = yipijr in (16.IL we have 




-\/e'+e^P"+7‘^ , MS 

1 + ^62 + 1 + ^52 ■ 


( 6 . 2 ) 


(1) Take a = \y\ and (3 = {x,y), then the corresponding general (a,/3)-metrics of (16.2p 

^ \/£(l +^|a:|2) + /i2(a:,y)2 fi{x,y)'^ 

1 + C|2;|2 l + ^|a;| 

are of Douglas type. In fact, they belong to spherically symmetric Douglas metrics, too. Moreover, when 
e = 1, = —1 and y = ±1, F is just the Funk metric. 

(2) Take a = \y\ and /3 = (x,y) + {a,y), where a is a constant vector, then the corresponding general {a,f3)- 
metrics of (j6.2ll 

^ y/{l - |a;|2 - 2 {a,x) - |a|2)|y|2 + {{x,y) + {a,x)Y {x,y) + (a,a:) 

1 — |a;|2 — 2 {a,x) — jap 1 — |a;p — 2(a,x) — jap 

are of Douglas type(See Example 8.1 in [H]). Actually, they are just the generalized Funk metrics expressed 
in some other local coordinate system. 

Example 6.3. Take f = g = 0 and s)) = (1 + then parts of the solutions of (11.41) are given by 

=h(b^)s + l + b‘^+ 3 "^^ (6.3) 

where h is a smooth function of such that (p is positive. Moreover, the corresponding general (a, /3)-metrics 

F = a<p{h\ 

are of Douglas type. 


: Take = 2^1+^ in ([131), a = ^ ^ (i+a\x'\^)i ^ where 


Remark 

constant. We obtain Example 4.3 given in namely 


(i+MkID! 


/i IS a 


F = 


{y/1 + (1 + n)\x\^y/il + M|a;P)l2/P - yY + y)f 


(1 + ^i\x\^Y^{l + ^i\xny\^ - n{x,y)^ 

In particular, F is just the Berwald’s metric when y = —1. 

Example 6.4. Take f = g = 0 and ^(g(b^, s)) = — ^ ^ , then parts of the solutions of (11.41) are given by 

(l-r,)2 


(j){b^,s) = h{b‘^)s + 


1 - 62 + 2s2 


(6.4) 


(1 — 62)\/l — 62 + ’ 

where 6. is a smooth function of b^ such that (p is positive. Moreover, the corresponding general (a, /3)-metrics 


F = ap{ b 


are of Douglas type. 


Remark: Take h{b'^) = T in (16.41) . a = \y\ and (3 = {x,y) + {a,y), where a is a constant vector, the 

corresponding general (a, /3)-metrics of (16.41) 

p ^ {^(1- |xP - 2 {a,x) - |ap)|yp + {{x,y) + (a,y))2 t {{x,y) + {a,y))V 

(1 - |xP - 2 {a,x) - |«P)2^(1 - |:rP - 2 {a,x) - |aP)|yP + i{x,y) + {a,y)Y 

are of Douglas type(See Example 8.2 in [E]). Actually, they are just the generalized Berwald’s metrics expressed 
in some other local coordinate system. 
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']y/^, then parts of the solutions of (11.41) are 


Example 6.5. Take / = 5 = 0 and d>(r 7 ( 6 ^ s)) = §[ 7 =- 7 ^^ 

^ '/ ■sJc—S'^r] 

given by 




y/c-h^ + _ £^€-£^( 6 ^- 3 ^) 

c — c — £^ 6 ^ 


(6.5) 


where c>0, £<l,/iisa smooth function of such that (p is positive. Moreover, the corresponding general 
(a, /3)-metrics 

F = ap(b'^, ^ 

are of Douglas type. 


Remark: Take = \ ( 7 ^ — ™ (16.5() . a = |y| and (3 = (x,y) + {a,y), where a is a constant 

vector, the corresponding general (a, ,5)-metrics of (16.51) 

^ 1 [ ^/ic - |xP - 2 (a, x) - |ap)|yp + ((x, y) + (a, y))^ + (x, y) + (a, y) 

2 I c — |a;p — 2 (a, cc) — |ap 

£V^[c-£^(|xP + 2 {a,x) + |ap)]|yp +£^((x,^) + {a,y)Y + £^{{x,y) + (a,;/)) 
c — £^(|a:p + 2 (a, a;) + |aP) 

are of Douglas type. In particular, when c = 1 and a = 0, it is just Shen’ metrics(see (39) in [H]). When c = 1, 
it is just the Example 8.4 in m- When a = 0, it is just a projactively flat spherically symmetric Finsler metrics 
with constant flag curvature —1 [9]. 

Example 6 . 6 . Take f = X, g = and $( 77 ( 6 ^, 3)) = then parts of the solutions of (11.41) are given by 


4>{h'^ ,s) = h{b^)s 


^(1-A62)(1-2A62 + A32) 
1 - 2A62 


( 6 . 6 ) 


where A is an arbitrary constant, /i is a smooth function of such that <f) is positive. Moreover, the corresponding 
general (a, /3)-metrics 

F = a(j)(b'^, ^ 

are of Douglas type. 


Remark: Take h{b'^) = ™ (16.61) . a = \y\ and /3 = {x,y) + (a,j/), where a is a constant vector, the 

corresponding general (a, /3)-metrics of (16.61) 


F = 


V^l - A(|a;|2 +2(o,a;) + [op) 
1 — 2A(|a;|2 + 2(a, x) + jap) 


{\/(l - 2A(|x|2 +2(a,x) + |a|2))|y|2 + A((x,y) + {a,y))'^ + {x, y) + (a, y)} 


are of Douglas type, but not locally projectively flat. 
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